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Problem statement

Items i € {1,...,n}, with costs ¢; and weights w;.
e min-Knapsack: find a selection S C {1,..., n} that minimizes the total
cost and verifies
Z wi > q
ies
e Compactness: [Santini and Malaguti, 2024]
S contains no gap that exceed A.
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Problem statement

Items i € {1,...,n}, with costs ¢; and weights w;.

e min-Knapsack: find a selection S C {1,..., n} that minimizes the total

cost and verifies
Z wi > q
ies
e Compactness: [Santini and Malaguti, 2024]
S contains no gap that exceed A.
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Example with n =7 and A =2
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Problem statement

Items i € {1,...,n}, with costs ¢; and weights w;.

e min-Knapsack: find a selection S C {1,..., n} that minimizes the total

cost and verifies
Z wi > q
ies
e Compactness: [Santini and Malaguti, 2024]
S contains no gap that exceed A.
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Example with n =7 and A =2

minimize ¢ x
subject to w'x > gq

T -
vijeldi-i>a [T torn-n< F x

k=i+1
x € {0,1}"

T ([Strengthening coefficientJ
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A motivation in statistics

Given a time series {y1,...,¥n}, how to detect changes?

Method [Cappello and Padilla, 2022] focuses most probable change point:
— Each point gets a probability of being the change point.
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A motivation in statistics

Given a time series {y1,...,¥n}, how to detect changes?

Method [Cappello and Padilla, 2022] focuses most probable change point:
— Each point gets a probability of being the change point.

Points selected in the credible set

Probability

e, 00 il 0

Time

Credible set relative to the first change point with the compactness constraint
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MIP limitations

minimize ¢ x
subject to w'x>gq

.. . j—i—1 it
vijelli—i>a [T etg-1< S ox

k=i+1
x € {0,1}"
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Modelling as an SDP

minimize c¢'x
subject to w'x > gq
. o j—i-1 53
Vi,jelnl,j—i>A, — | (xi+x—-1)< > x«
A k=i+1
x €{0,1}"



Modelling as an SDP

Substitute X = xx'.Then X; = x;x; and Xi = x? = x;.

minimize ¢’ diag(X)
subject to  w ' diag(X) > ¢
. . j—i—1 izt
Vi,jenl,j—1i>A, — | Xy < Y X
X has coefficients in {0,1}

rank(X) =1
X >0
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diag(X) X

Let X = <
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SDP versus LP @

LP Relaxation
— — — SDP Relaxation
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Opt is the optimal integer solution and Opt,, is the optimal solution returned
by model M; here for the linear (—) and semidefinite (—) relaxations



Modelling as an SDP

minimize ¢ diag(X)
subject to  w' diag(X) > ¢
j-1
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Modelling as an SDP

minimize
subject to

¢’ diag(X)
w' diag(X) > g

0

X;

Xi+ Xj—1
Xik + Xjx

Xii + Xjj + Xk

Vi,jenl,j—i>A,

1 diag(X)"
(diag(X) X
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j—i—lJ i
— | Xi < Xk
)=

Xij

Xii

Xij Vi, j, k € [n]
Xk + Xij

Xik + Xjx + X



Modelling as an SDP

[ minimize ¢ diag(X)
subject to  w' diag(X) > ¢

.. .. i—i—1 j—1
Vi,jenl,j—i>A, {JITJ Xi < > Xk
=0

_ k=it+1
(dms00 “57)

0 < X
Xij < Xi
Xi+Xj—1 < X Vi, j, k € [n]
Xik + X < X + X
Xii + Xij + X < Xie + Xi + Xjj

tr (Diag(w) " X)” < || Diag(w)|[ - | X1
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Modelling as an SDP

minimize ¢ diag(X)
subject to  w ' diag(X) > ¢

.. . j—i—1 =
VI,]GI[”]I,J*I>A, \;%J X’JS Z Xk
k=it1
. T
. 1 diag(X) <0

" diag(X) X -

2 0 < X

= Xi < X

g Xi+Xj—1 < X Vi j,k € [n]

£ Xik + X < Xk + Xjj

2 Xi +Xj+ X < X + X + X

[}

B T wAXi+2 Y wimXu < (Z sz) > X
L 5’ i=1 1<i<k<n i=1 1<i,k<n

22/47



With the added quadratic inequalities

LP Relaxation
— — — SDP Relaxation
06 F SDP Relaxation with quadratic inequalities
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Relative gap for the semidefinite relaxation without (- - -)
vs. with (—) the quadratic inequalities



Modelling as a penalized SDP

minimize ¢ diag(X)
subject to  w' diag(X) > ¢

- . j—i—1 izt
Vl7j€|[f7]l7j—l>A, T Xug Z Xk
=

k=it1
1 diag(X) " 0
diag(X) X
0 < X
Xi < Xi
X,','—‘erj—l < X,'j Vi,j,ke IIH]]
Xik + X < Xk + X
Xi +Xj+ X < Xie + X + X
S wWEXi+2 Y wiwXu < (Z Wi2> ( > Xik)
L i-1 1<i<k<n i=1 1<ik<n
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Modelling as a penalized SDP

¢ diag(X)
w' diag(X) > q

minimize
subject to

v’7je II”]]7J_’> A*

1 diag(X) " 0
diag(X) X

0

X;

Xii + ij -1

Xik + Xk

Xii + Xjj + Xk

Z: W,-2Xii +2 >

i=1 1<i<k<n

X..
Xii
Xij
Xk + Xij

Xik + Xjk + Xij

<

ININININIA

j—i—lJ
— | Xi <

L A Rt
=

w; wi Xk < (Z w;

j—1

> Xk

Vi, j, k € [n]



Modelling as a penalized SDP

Let (/\ij)1<i<j<n € Rn—1/2

_ .. 1
minimize ¢’ diag(X) + > \; (\‘H;IJ Xij — JZ ka)
1<i<j<n A k=i+1
subject to  w' diag(X) > ¢
1 diag(X)"
(diag(X) X ) =0
0 < i
Xij < Xi
Xi+Xj—1 < Xj Vi, j, k € [n]
Xik + X < Xk + Xjj
Xi + Xj + X < Xiw + Xie + Xjj
SwAXi+2 Y wiwm Xy < (Z W;2) ( > Xik)
L i=1 1<i<k<n i=1 1<ik<n



Measuring the quality of a solution

Let x € [0, 1]" be the solution vector for the min-KPC.

e Parsimony
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Measuring the quality of a solution

Let x € [0, 1]" be the solution vector for the min-KPC.

e Parsimony

e Compacity

1
7max{j—i—1
n

e Fractionnality

i, j consecutive
selected items

e

A
(theoreticaly < ;)

NG
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Measuring the quality of a solution

Benchmark: 100 instances; 4 models.

MIP Model
SDP Relaxation
Penalized SDP, A = 0.
Penalized SDP, A = 0.00001
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Measuring the quality of a solution

Benchmark: 100 instances; 4 models.
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Maximal insufficient subset constraints

Definitions (Insufficient subset)

e We call S C{1,...,n} insufficient if

Sw<a
ies
e We say that S is maximal if:

Vi¢gS, wit+y wi>gq

i€S

ZXﬁ >1 (MISQ)
i¢s

Given X™* a fractionnal point, how to find S maximal insufficient subset
such that (MISC) separates X™*?7
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MISC separation problem

(MISC) separates X* <« S M.LS. such that Z(l —1s(N) X7 <1

i=1

n
minimize > (1 — aj) X
=1

n
subject to > wia; < g
=1

a € {0,1}"



MISC separation problem

(MISC) separates X* <« S M.LS. such that Z(l —1s(N) X7 <1

i=1

S« {ie[n]|af =1}

1 hil i <qd

minimize > (1 — a;) X whre %;9 wi < qdo
=t Add j € [n] \ S of minimal weight to S
subject to > wia; < g end while

i—1 .

aef{0,1})" Remove the last item that was added
return S




MISC separation problem

(MISC) separates X* <« S M.LS. such that Z(l —1s(N) X7 <1

i=1

S« {ie[n]|af =1}

n hil i d

minimize > (1 — a;) X whre %W <gqde
=t Add j € [n] \ S of minimal weight to S
subject to > wia; < g end while

i—1 .

aef{0,1})" Remove the last item that was added
return S

Proposition (adapted from knapsack litterature)

e S is a maximal insufficient subset

o If (1 —af)Xi <1, then > Xi <1
i=1 i¢s

e If > (1 —af)Xi > 1, then no (MISC) separate Xj;.

=1 a
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Computational Results; computing times

Benchmark: 100 instances with n € {200, ...,400}.
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Computational Results; computing times

Benchmark: 100 instances with n € {200, ...,400}.

Instances Solved (%)
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Penalized SDP with MISC, A

Penalized SDP with MISC, A

10 20 30 40 50
Time (h)
Model Average fractionnality
SDP Relaxation 0.2509
Penalized SDP with A = 0.01 1.3107e-5
Penalized SDP with A = 0.001 6.7288e-6

60



Conclusion

e Compactness constraint brings a new layer of difficulties to the standard
knapsack problem.
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Conclusion

e Compactness constraint brings a new layer of difficulties to the standard
knapsack problem.

e The penalized version provides high-quality heuristics and tight bounds for
the problem.

e The penalized version allows tuning the model to the appropriate balance
between parsimony and compacity.

e Future work is needed to strenghen the model and to improve numerical
performance.
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Appendix - PSD matrices

Definition (Positive semidefinite matrix)

A symmetric matrix X € M,(R) is positive semidefinite if for all v € R,
v Xv > 0. We write X = 0.

. J

e X =0 <= X =Y \ixix;' with \; >0 and x; € R".
i=1

e X > 0 <= all prinicpal minors of X are nonnegative.

Proposition (Schur complement’s lemma)

Let X be the symmetric matrix defined by
A BT
=6 %)

with A invertible. Then X > 0 if and only if C — BA™'BT > 0.




Appendix - Counterexample: SDP vs LP

With 10 items, costs c; = 1 for all i € [10], w1 = wio = 11, w; = 1 for all
j#1,10, g=22and A = 2.

minimize x3 + -+ + X10
subject to  1lx3 + x2 + -+ - + x9 + 11x30 > 22
.. . j—i—1 j—1
vijenoli-iz2 [ o< T x
2 k=it+1
x € [0,1]*°

Set X = (x,f,,)—r Xp. Then X is not a solution of

minimize X11+ -+ X1010
subject to 11X11+X22+---+X99+11X1010 > 22

j—1
Vi, j€[10],j—i>2, { JXuS > Xk

(diag1(x) diag )((xf) -

IY



Appendix - Counterexample: SDP vs LP

minimize x3 + --- + Xx10
subject to  11xg +x2 + -+ + xo + 1lx0 > 22
. .. j—i—1 i3
vi,j € [10],j —i>2, {17’ J(x,-+x,-—1)§ 2 X
2 k=i+1
x € [0,1]*°
o (1,3 19 (17 251 107 11
P "47180° 71357 540° "’ 540’ 157 15

minimize X114+ -+ X1010
subject to  11Xi1+ Xa2+ -+ + Xoo + 11X1010 > 22

. j—1

(diagl( X) diag )((xr) o —

X does not verify the (2,9)-compacity constraint:
8
9-2-1 33 29
2t (BB S,

Opt (SDP) ~ 4.42 < 4.66 ~ Opt (LP)




Appendix - How to generate instances?

Focus on "hard" instances from [Santini and Malaguti, 2024]: TwoPeaks
instances.

e Choose peaks location A1 ~» N(n/3,n/6), A2 ~ N(2n/3,n/6).
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instances.

e Choose peaks location A1 ~» N(n/3,n/6), A2 ~ N(2n/3,n/6).

e Histogramm 5000 samples for each peak
1% peak  wy ~ N(\1, n/2k) 2" peak  wy ~ N(\2, n/2k)
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Appendix - How to generate instances?

Focus on "hard" instances from [Santini and Malaguti, 2024]: TwoPeaks
instances.

e Choose peaks location A1 ~» N(n/3,n/6), A2 ~ N(2n/3,n/6).
e Histogramm 5000 samples for each peak

1% peak  wy ~ N(\1, n/2k) 2" peak  wy ~ N(\2, n/2k)

where k € {8,16,32}.

e Set w < w1 + wa and normalize.

N
S
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Appendix - Penalized versions

For A € R"("H)/2;

minimize ¢ ' diag(X) + ¢ (), X)
subject to  w' diag(X) > ¢

<diag1(><) diag>(<X)T> =0

Quadratic constraints
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minimize ¢ ' diag(X) + ¢ (), X)
subject to  w' diag(X) > ¢
1 diag(X)"
—
<diag(X) X =0
Quadratic constraints

Pay&Reward

. i1
minimize ¢! diag(X) + X Ny ({1171 Xi— > ka)
i< A k=i
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minimize ¢ ' diag(X) + ¢ (), X)
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1 diag(X)"
—
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Quadratic constraints
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Appendix - Penalized versions

For A € R"("H)/2;

minimize ¢ ' diag(X) + ¢ (), X)
subject to  w' diag(X) > ¢
1 diag(X)"
—
<diag(X) X =0
Quadratic constraints

PayEachGap

minimize ¢ diag(X) + 32\ \‘QJ Xij
i< A
, j—i-1 =
subject to — | X5 < Y X
A k=it1




Appendix - Effets of the different penalizations
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selected items for the linear relaxation, with A =2



Appendix - Effets of the different penalizations

0 10 20 30
Items

[ Unselected item in the optimal solution
[ Selected item in the optimal solution
[ SDP Pay&Reward

selected items for the Pay&Reward penalization, with A =2



Appendix - Effets of the different penalizations

0.15 F
Y o010
<
o
(9]
=

0.05 F

0 10 20 30
Items

[ Unselected item in the optimal solution
[ Selected item in the optimal solution
I SDP MaximalGap penality

selected items for the MaxGap penalization, with A =2



Appendix - Effets of the different penalizations
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