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e Unknown: P distribution on =
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From uncertainty to robustness

miniergize Ecp [f(z,8)] ZCR"'xZ9"

e ¢ € = possible problem data

e Unknown: P distribution on =

e Known: samples {51, . ,EN} C

e Empirical distribution:

_ 1 <&
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e Distributionally Robust Optimization (DRO):
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z€Z Q€EProba(=)
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Existing work for DRO in Operations Research:

e Chance-constrained vehicle routing [Ghosal and Wiesemann, 2020]
e Surgery allocation [Chow et al., 2022]
e Ressource allocation during a pandemic [Sun et al., 2023]
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Running example — Quadratic Spanning Tree

G = (V,E) on m edges, C € RT*™ cost matrix.
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otherwise.
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WDRO Objective function

F(z,\) d:‘/\ereE ~B), [Iog( N (Er02) [hé(z,)\;c)])]

Theorem (Azizian et al., 2023)

If f is convex and f(-,() is differentiable for all ( € =,
then F is convex and differentiable, and:

ALCEY (e ) )mc) exp( IE= g ) 0
he(z,A:0) € = ¢I1?
/;(27r)d/2cf =P <_ 202 )dc
= he(z,250) ll€ = ¢I”?
N /EC(&’C) (2r)d/20 exp( 202 ) d¢

5] 1
N P S S N TN
/EWGXP T2 )%

VaF(z,2) = 5 Z
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Gradient estimate
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1 N j=1
gz(Z, )\) déf N Z Jj=

Example (Quadratic Spanning Tree — sampling cost)

f(z,€) =z"€z and V.f(z,6) = (+ £ ")z : easy.
Evaluation of G(z,\): takes S x N samplings of m x m matrices: not
easy.

How to limit sampling costs?
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Gradient estimate

Let Z C [N] "mini-batch"
Samples : dk), e Cék) ~N (Ek,azl) Vk € Z [Vincent et al., 2024]

Proposition

Let Z: random subset. Vk € Z, let dk),...,(ék) ~ N(Ek,azl) inden-
pendant samples. Then E [G7(z, \)] B VF(z,\) almost surely.
— 400
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Stochastic Frank-Wolfe algorithm

Algorithm 1. Momentum stochastic Frank-
Wolfe [Braun et al., 2022]

conv())

Input: Starting point yo € ), step sizes ;
and momentum terms S3; € [0, 1].
fort=0to... do

Take Z; C [N] random
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Stochastic Frank-Wolfe algorithm

Algorithm 1: Momentum stochastic Frank-
Wolfe [Braun et al., 2022]

Input: Starting point yo € ), step sizes 7;
and momentum terms f3; € [0, 1].
fort=0to... do

Take Z: C [N] random

VF(ye) < B:G" (ve) + (1 = Be)VF(yi-1)
vEconv()})LMO(VF(yf)7 V)

Yer1 < Ze + e (ve — yt)
end for

—1G7 (y1)
—(1=B1)VE(y)

-G (y)

V: <— argmin

Yo

e LMO offers flexible modelling: add constraints, cuts, ...

[Besancon et al., 2022]
e Quadratic spanning tree: LMO = Kruskal— solved efficiently!
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Experimental setup

| [ ERM [ Robust ‘
. N L
Objective minimize %;; - minimize F(z,)\)
Ioa /- -
Gradient m Z (Ek + fkT) z G (z,))
k=1
Solution Zerm Zyobust
Tointoss | (o o [het) | (e ke T

Build P a shifted distribution, e.g. P = P + noise
Sample Test Set = {f ~ IS}

Test Loss { zerngze,m ‘ §~ € Test Set} {zm.,.,stTszml,m £~ € Test Set}
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Conclusion and perspectives

e Entropic regularization of WDRO:
= Convex & differentiable objective function
= Explicit gradient formulation

Stochastic estimator of the gradient: for generic convex

— Adapted to large dimensions differentiable loss
function f

e Momentum stochastic Frank-Wolfe algorithm:
= Handle the noise on the gradient estimator
= Allows for constant batch size
= Flexible modelling through LMO

Illustration on the Quadratic Minimum Spanning Tree Problem:
= Robust solutions to distributional shift

Adaptation to two-stage problems:
= e.g. Facility Location problems
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