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Motivation and framework Our approach Numerical illustration

From uncertainty to robustness

minimize
z∈Z

f (z , ξ) Z ⊂ Rn×Zd−n

• ξ ∈ Ξ possible problem data

• Unknown: P distribution on Ξ

• Known: samples
{
ξ̂1, . . . , ξ̂N

}
⊂ Ξ

• Empirical distribution:

P̂N =
1
N

N∑
k=1

δξ̂k

• Distributionally Robust Optimization (DRO):

minimize
z∈Z

sup
Q∈Proba(Ξ)

Q close to P̂N

Eζ∼Q [f (z , ζ)]

2/11



Motivation and framework Our approach Numerical illustration

From uncertainty to robustness

minimize
z∈Z

f (z , ξ) Z ⊂ Rn×Zd−n

• ξ ∈ Ξ possible problem data

• Unknown: P distribution on Ξ

• Known: samples
{
ξ̂1, . . . , ξ̂N

}
⊂ Ξ

• Empirical distribution:

P̂N =
1
N

N∑
k=1

δξ̂k

• Distributionally Robust Optimization (DRO):

minimize
z∈Z

sup
Q∈Proba(Ξ)

Q close to P̂N

Eζ∼Q [f (z , ζ)]

2/11



Motivation and framework Our approach Numerical illustration

From uncertainty to robustness

minimize
z∈Z

Eξ∼P [f (z , ξ)] Z ⊂ Rn×Zd−n

• ξ ∈ Ξ possible problem data

• Unknown: P distribution on Ξ

• Known: samples
{
ξ̂1, . . . , ξ̂N

}
⊂ Ξ

• Empirical distribution:

P̂N =
1
N

N∑
k=1

δξ̂k

• Distributionally Robust Optimization (DRO):

minimize
z∈Z

sup
Q∈Proba(Ξ)

Q close to P̂N

Eζ∼Q [f (z , ζ)]

2/11



Motivation and framework Our approach Numerical illustration

From uncertainty to robustness

minimize
z∈Z

Eξ∼P [f (z , ξ)] Z ⊂ Rn×Zd−n

• ξ ∈ Ξ possible problem data

• Unknown: P distribution on Ξ

• Known: samples
{
ξ̂1, . . . , ξ̂N

}
⊂ Ξ

• Empirical distribution:

P̂N =
1
N

N∑
k=1

δξ̂k

• Distributionally Robust Optimization (DRO):

minimize
z∈Z

sup
Q∈Proba(Ξ)

Q close to P̂N

Eζ∼Q [f (z , ζ)]

2/11



Motivation and framework Our approach Numerical illustration

From uncertainty to robustness

minimize
z∈Z

Eξ∼P [f (z , ξ)] Z ⊂ Rn×Zd−n

• ξ ∈ Ξ possible problem data

• Unknown: P distribution on Ξ

• Known: samples
{
ξ̂1, . . . , ξ̂N

}
⊂ Ξ

• Empirical distribution:

P̂N =
1
N

N∑
k=1

δξ̂k

• Empirical Risk Minimization (ERM):

minimize
z∈Z

[
1
N

N∑
k=1

f
(
z , ξ̂k

)
= Eξ∼P̂N

[f (z , ξ)]

]

• Distributionally Robust Optimization (DRO):

minimize
z∈Z

sup
Q∈Proba(Ξ)

Q close to P̂N

Eζ∼Q [f (z , ζ)]

2/11



Motivation and framework Our approach Numerical illustration

From uncertainty to robustness

minimize
z∈Z

Eξ∼P [f (z , ξ)] Z ⊂ Rn×Zd−n

• ξ ∈ Ξ possible problem data

• Unknown: P distribution on Ξ

• Known: samples
{
ξ̂1, . . . , ξ̂N

}
⊂ Ξ

• Empirical distribution:

P̂N =
1
N

N∑
k=1

δξ̂k

• Empirical Risk Minimization (ERM):

minimize
z∈Z

[
1
N

N∑
k=1

f
(
z , ξ̂k

)
= Eξ∼P̂N

[f (z , ξ)]

]Subject to

distributionnal shift!

• Distributionally Robust Optimization (DRO):

minimize
z∈Z

sup
Q∈Proba(Ξ)

Q close to P̂N

Eζ∼Q [f (z , ζ)]

2/11



Motivation and framework Our approach Numerical illustration

From uncertainty to robustness

minimize
z∈Z

Eξ∼P [f (z , ξ)] Z ⊂ Rn×Zd−n

• ξ ∈ Ξ possible problem data

• Unknown: P distribution on Ξ

• Known: samples
{
ξ̂1, . . . , ξ̂N

}
⊂ Ξ

• Empirical distribution:

P̂N =
1
N

N∑
k=1

δξ̂k

• Distributionally Robust Optimization (DRO):

minimize
z∈Z

sup
Q∈Proba(Ξ)

Q close to P̂N

Eζ∼Q [f (z , ζ)]

2/11



Motivation and framework Our approach Numerical illustration

Wasserstein distributionally robust optimization

Wasserstein Distributionally Robust Optimization (WDRO)
[Esfahani and Kuhn, 2018 ]
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W(Q,P̂N)≤ρ

Eζ∼Q [f (z , ζ)]
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Running example — Quadratic Spanning Tree

G = (V ,E) on m edges, C ∈ Rm×m
+ cost matrix.

3.141

2,718

minimize
z∈Z

z⊤Cz

z ∈ {0, 1}m, ze =
{

1 if e ∈ T
0 otherwise.
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• Quadratic minimimum spanning tree problem is NP-hard
[Assad and Xu, 1992 ]
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Solved in O (m log(m)) by Kruskal algorithm [Schrijver, 2002 ]
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≃
ε→0

min
z∈Z

inf
λ∈R+

λρ+ εEξ̂∼P̂N

log
 E

ζ∼N(ξ̂,σ2I)

exp
 f (z , ζ)− λc

(
ξ̂, ζ
)

ε


[Azizian et al., 2023 ]
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WDRO Objective function

F (z , λ)
def
= λρ+ εEξ̂∼P̂N
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Gradient estimate

Samples : ζ
(k)
1 , . . . , ζ

(k)
S ∼ N

(
ξ̂k , σ

2I
)
∀k ∈ JNK [Vincent et al., 2024 ]

Gz(z , λ)
def
=

1
N

N∑
k=1

1
S

S∑
j=1

∇z f
(
z , ζ

(k)
j

)
hξ̂

(
z , λ ; ζ

(k)
j

)
1
S

S∑
j=1

hξ̂

(
z , λ ; ζ

(k)
j

)
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Example (Quadratic Spanning Tree — sampling cost)

f (z , ξ) = z⊤ξz and ∇z f (z , ξ) = (ξ + ξ⊤)z : easy.
Evaluation of G(z , λ): takes S × N samplings of m × m matrices: not
easy.

7/11



Motivation and framework Our approach Numerical illustration

Gradient estimate

Samples : ζ
(k)
1 , . . . , ζ

(k)
S ∼ N

(
ξ̂k , σ

2I
)
∀k ∈ JNK [Vincent et al., 2024 ]

Gz(z , λ)
def
=

1
N

N∑
k=1

1
S

S∑
j=1

∇z f
(
z , ζ

(k)
j

)
hξ̂

(
z , λ ; ζ

(k)
j

)
1
S

S∑
j=1

hξ̂

(
z , λ ; ζ

(k)
j

)
Example (Quadratic Spanning Tree — sampling cost)

f (z , ξ) = z⊤ξz and ∇z f (z , ξ) = (ξ + ξ⊤)z : easy.
Evaluation of G(z , λ): takes S × N samplings of m × m matrices: not
easy.

How to limit sampling costs?
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Proposition

Let I: random subset. ∀k ∈ I, let ζ
(k)
1 , . . . , ζ

(k)
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(
ξ̂k , σ

2I
)

inden-

pendant samples. Then E
[
GI(z , λ)

]
−→

S→+∞
∇F (z , λ) almost surely.
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Stochastic Frank-Wolfe algorithm

Algorithm 1: Momentum stochastic Frank-
Wolfe [Braun et al., 2022 ]

Input: Starting point y0 ∈ Y, step sizes γt
and momentum terms βt ∈ [0, 1].
for t = 0 to . . . do

Take It ⊆ JNK random
∇̂F (yt)← βtGIt (yt) + (1− βt)∇̂F (yt−1)

vt ← argminv∈conv(Y)LMO
(
∇̂F (yt), v

)
yt+1 ← zt + γt (vt − yt)

end for
y0

conv(Y)
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Conclusion and perspectives

• Entropic regularization of WDRO:
� Convex & differentiable objective function
� Explicit gradient formulation

• Stochastic estimator of the gradient:
� Adapted to large dimensions

• Momentum stochastic Frank-Wolfe algorithm:
� Handle the noise on the gradient estimator
� Allows for constant batch size
� Flexible modelling through LMO

• Illustration on the Quadratic Minimum Spanning Tree Problem:
� Robust solutions to distributional shift

• Adaptation to two-stage problems:
� e.g. Facility Location problems
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